Recent measurements of the cosmic microwave background (CMB) radiation show an apparent tension with the present value of the Hubble parameter inferred from local observations of supernovae. We examine the possibility that such a discrepancy is the consequence of the presence of a local inhomogeneity, and find that a local overdensity could in fact account for the difference or at least for part of it. While such a small inhomogeneity would not significantly affect the distance to the last scattering, and consequently the value of H0 obtained from CMB observations, it can have an important effect on the local estimation of H(z), since this is sensitive to the derivative of the luminosity distance. The apparent tension can in fact be solved by correctly extrapolating H0 from the low redshift supernovae observations by taking into account the effects of a local inhomogeneity on the distance redshift relation. To fully explain the difference we find that we need to be located in a region about 45% denser than where supernovae are located. Smaller inhomogeneities can still introduce important corrections to the apparent value of H app 0 obtained from observational data under the assumption of homogeneity, and need to be considered in the high precision cosmology era in which we are entering.
Introduction Recent observations [1] of the cosmic background radiation (CMB) have pointed to an apparent discrepancy between the value of the Hubble parameter H 0 deduced from cosmological data and the value inferred form local astrophysical observations [2, 3] . One possible explanation of such a difference could be the effects of local structure on the analysis of cosmological and astrophysical observations. Following [4] we call apparent all those physical quantities whose value is estimated from observation without taking into proper account the inhomogeneities, i.e. making an a priori assumption of homogeneity in the data analysis.
The effects of a local inhomogeneity on the estimation of cosmological parameters have been studied already in different contexts such as the estimation of the equation of state of dark energy [4] , where it has been shown that ignoring the presence of local inhomogeneities in data analysis can lead to the wrong conclusion of an apparent evolving dark energy, while only a cosmological constant is in fact present, or to corrections [5] to the apparent value of the cosmological constant. More recently [6] it was shown that a present day local inhomogeneity seeded by a peak of primordial curvature perturbations could in fact not only affect the estimation of the value of the cosmological constant, but also of H 0 . In particular it was shown that the effects of such an inhomogeneity on H 0 depend on the spatial gradient of the inhomogeneity, and could be important independently from the amplitudes of the curvature perturbations. This implies that this kind of inhomogeneities arise naturally from fluctuations of the primordial curvature perturbations, and require a careful investigation. In this letter we do not focus on the early time origin of such a inhomogeneity, but rather on a realistic model of a present day local inhomogeneity able to solve the apparent tension in the H 0 estimation, and as shown in [6] the inflationary scenario can easily explain the formation of such a local structure today. This is the first accurate calculation going beyond the Hubble bubble model approximation [7] , and as such it is able to give a much more precise answer about the size and shape of a local inhomogeneity able to solve the apparent tension in the H 0 estimation from different set of observations. The discrepancy between apparent and true values of cosmological parameters is a consequence of the intrinsic limitation of cosmological or astrophysical observations involving redshift measurements, implying an intrinsic uncertainty [8] on the the estimation of cosmological parameters. Under the assumption of homogeneity the redshift is explained exclusively as a consequence of the expansion of the Universe, while taking into account spatial inhomogeneity additional contributions to the redshift can come from the variation the gravitational between points at different comoving distances. While the effects of these variations are normally considered to be small compared to the contribution associated to the Universe expansion, it is possible that local structure can actually induce some important corrections respect to the apparent values, i.e. the ones obtained from observation ignoring the space variation of the metric.
The reason why these effects can be important for the estimation of the Hubble parameter from low redshift luminosity distance observations can be under-stood intuitively from the relation between the Hubble parameter and the luminosity distance in a spatially flat FLRW Universe:
Even a small variation of the luminosity distance can in fact introduce a large effect on the estimation of H(z), since this depends on the derivative of D L (z).
In the particular case of the set of observations we are interested in this letter we have that a small local inhomogeneity would not significantly affect the distance to the last scattering, and consequently the estimation of H 0 from CMB data, so that the assumption of homogeneity in analyzing CMB data would not give a very different result respect to the corresponding data analysis taking into account the inhomogeneity, i.e. Modeling the local Universe We will model the local structure with a LTB solution of Einstein's equation with a cosmological constant term, assuming to be located around its center. This is a pressureless spherically symmetric solution which allows to take into account the non perturbative effects due to the inhomogeneity. The central location assumption can be interpreted [9] as calculating the monopole contribution to the corrections coming from local structure. A higer mutiploe anaysis could reveal a directional dependence in H 0 , but this would go beyond the scope of the present letter. Since we are not considering very large inhomogeneities, this is not a strong violation of the cosmological principle. On the contrary it is just an accurate modeling of local structure motivated by the necessity of going beyond the perturbative approach.
The LTB solution is given by [10] [11] [12] 
where R is a function of the time coordinate t and the radial coordinate r, E(r) is an arbitrary function of r, and R ,r = ∂ r R(t, r). The Einstein's equations with a cosmological constant give
where M (r) is an arbitrary function of r,Ṙ = ∂ t R(t, r) and c = 8πG = 1 and is assumed in the rest of the paper. We will also adopt, without loss of generality, the coordinate system in which M (r) ∝ r 3 , and fix the geometry of the solution by using a function k(r) according to 2E(r) = −k(r)r 2 . Effects on the local value of the Hubble parameter H(z) Our goal is to show that the apparent conflict between the value of H 0 derived from different observations can be resolved by taking into account the presence of a local inhomogeneity. In the language of [9] , we will call H app 0 the value obtained from low redshift supernovae observations, because it is obtained ignoring the local inhomogeneity, while we denote as H true 0 the central value of H(z) obtained from observations taking into account a local inhomogeneity. We will also assume the latter to be the same as the one inferred from the CM B observations, because as explained in the introduction, we do not expect a large effect of small inhomogeneities on the distance to the last scattering. To summarize these are our definitions and assumptions 
and then we substitute in the formula for the Hubble parameter in a LTB space at constant time t0 is plotted as a function of the proper distance L for models associated to different ∆H. As it can be seen the inhomogeneity for which ∆H ≈ 0, i.e. which can explain the tension between the apparent and the true value of H0, corresponds to a local overdensity of about 45%.
while for for the apparent value we assume a flat ΛCDM solution
We have considered different inhomogeneity profiles as shown in the figure(1). In order to characterize the inhomogeneity and its effects on the Hubble parameter we introduce the following quantities:
where ∆H quantifies the correction to the Hubble parameter at redshift z S due to the local inhomogeneity respect to a homogeneous ΛCDM case and ∆ρ is the relative difference in density between the center and the region at comoving distance r(z S ) at the present time of observation t 0 . According to these definitions when ∆H = 0 the effect of the inhomogeneity can fully account for the difference between the apparent and true value of H 0 , since in this case we have
Another to way put this is to observe that if we use H ΛLT B (z) to extrapolate H 0 from H(z S ) we will then obtain H t 0 rue, while if we use H ΛCDM we would get H app 0 , so that the apparent difference is eliminated by using the correct H ΛLT B (z) relation which takes into account the effects of the inhomogeneity, in this case modeled with a LTB solution.
Analytical calculation We can estimate the effects of local structure on the Hubble parameter by using the analytical solution [13] . corresponds to a local inhomogeneity with ∆ρ ≈ 0.45%. where we have introduced the new functions a(t, r) = R(t, r)/r and k(r) = −2E(r)/r 2 , ℘(x; g 2 , g 3 ) is the Weierstrass elliptic function and
Using eq.(15) the Hubble parameter is given by
which in redshift space, gives
In order to get an analytical expression valid at low redshift we need to expand the radial null geodesics around z = 0, which can be done fully analytically using the variables (η, r) [5] , then substitute back into eq.(20), and expand again in redshift. The calculation is rather cumbersome and involves the computation of elliptic integrals and the manipulation of elliptic functions, the details of which are given in [14] . For the case in which k(0) = 0, i.e. of vanishing central curvature function, we get the final result
where
In the above expressions ζ is the Weierstrass zeta function, K 1 is a dimensionless parameter related to the central derivative of the function k(r), and t U is the age of the Universe. The formula is an agreement with [6] , where it was shown numerically that H 0 is sensitive to the spatial gradient of the inhomogeneity profile. As expected in the homogeneous limit, when k(r) ∝ const., the eq. (22) reduces to the standard expansion for H(z) for a ΛCDM Universe. The numerical results correspond to k(r) = K 1 (a 0 H 0 ) 2 . This ansatz does not limit the validity of or our results, but is a simple way to model the local inhomogeneity. From a physical point of view the important quantity is the energy density profile shown in fig.(1) . We only studies the effects of the inhomogeneity up to the redshift z S , and after that point we assume the Universe to be spatially homogeneous.
Since (ζ − + ζ + ) is negative, both numerical and analytical calculations show that in the case of a central over density, corresponding to negative values of K 1 as shown in fig.3 , there is an increase in the value of H ΛLT B (z S ) respect to the homogeneous case, while for a central under density, corresponding to positive values of K 1 , there is a decrease in H ΛLT B (z S ). In particular the difference between H a 0 pp and H true can be explained by a central over density corresponding to a relative difference in the density between the center and z S of the order of 45%, and a density profile given in fig.(1-2) . The effect of other types of inhomogeneities are given in Table I .
Conclusions The assumption of homogeneity in the analysis of astrophysical observations can lead to the wrong estimation of cosmological parameters such as H 0 . We have shown how the apparent value of H 0 obtained from analyzing supernovae luminosity distance data under the assumption of homogeneity can receive an important correction when local structure is taken into proper account. Even for relatively small local inhomogeneities there can be important corrections, which could in part explain the apparent tension between the value of H 0 inferred from CMB data and the one obtained from low redshift luminosity distance observations. The disagreement is due to the different way in which H 0 estimation is affected by the presence of local inhomogeneities. In the case of CMB, a small inhomogeneity does not affect significantly the distance to the last scattering surface, implying that analyzing data under the assumption of homogeneity does not introduce large misestimations. For local measurements on the contrary H(z) can receive significant corrections form the presence of a local inhomogeneity, since it is sensitive to the derivative of the luminosity distance, so even a small change of the latter can introduce a large effect on the relation used to extrapolate H 0 from H(z S ). We showed what kind of local overdensity could actually introduce a correction to the H app 0,SN sufficient to obtain the same H 0 as the one estimated from CMB data, or for a smaller inhomogeneity, at least able to account for part of it. This kind of effects could be relevant for any local observation where the presence of a local structure needs to be properly taken into account in order to avoid this kind of apparent tension with other measurements less affected by local structure effects. It would be interesting in the future to go beyond the monopole contribution and extend the study to the possible directional dependency of the local estimation H 0 estimation. In this way it would be possible to determine indirectly the higher multipoles of the local structure which may cause the angular dependency of H 
